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Abstract 
Previously, Battelle has investigated the behaviour of a series of related multi-axial weld fatigue situations and 
developed effective analysis procedures. The first was a flange-to-tube joint under torsional-dominant loading. The 
second was a multi-axial stress state under uniaxial loading consisting of a tensile-loaded plate with either a fillet 
welded pipe or angled attachment. For multi-axial fatigue evaluation, an effective equivalent structural stress range 
(∆EESS), defined as a combination of the equivalent normal structural stress range and the equivalent in-plane shear 
structural stress range in a von Mises form, derived from the Battelle structural stress method (BSSM), was 
formulated and used to clearly illustrate the differences in the behaviour of these two situations. 
As an extension of these multi-axial fatigue situations, the BSSM for fatigue life evaluation is examined herein for 
bi-axial loading of welded plate joints that otherwise require special treatment. However, when the BSSM is applied 
to bi-axially loaded plate joints, the failure location can be predicted correctly, and fatigue life predictions using the 
master S-N curve approach are very accurate compared with fatigue test results from the literature. This is because 
the BSSM captures the bi-axial loading effects, including the ratio of the load magnitudes and their phase difference 
that define the local variations of ∆EESS within the joint and thus define the failure location of the joint. 
In this investigation, it was found that the failure locations are influenced by the maximum normal structural stress 
(normal to weld line) not by the in-plane shear structural stress (parallel to weld line) which becomes negligible. In 
addition, it was also found that the cycles-to-failure data from the subject joint types were comparable with the 
master S-N curve for Mode I loading dominant behavior (inverse slope of 3.125). Therefore, the master S-N curve 
that was developed for Mode I failures can be equally applicable for fatigue life predictions for these plate joints 
under bi-axial loading.  
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1. Introduction 
A mesh-insensitive Battelle structural stress method (BSSM) has been developed and proven to be highly 
effective in correlating fatigue behaviors of welded joints [1-7]. The Battelle structural stress (BSS) based weld 
fatigue master S-N curve has been constructed by incorporating more than 800 fatigue test results which are clearly 
categorized as weld toe failure. This procedure has been adopted for weld fatigue design by the 2007 ASME Sec. 
VIII Div. 2 [8] and the API 579-1/ASME FFS-1 2007 [9]. Recently, Bureau Veritas (BV) has published the BSSM 
as a weld fatigue guide for ship and offshore structures [10]. The details of the method and its validation for 
applications in various industries can be found in [1-7].  
Most of the previous investigations of weld fatigue focused on the simple normal loading dominant (Mode I) 
failure cases. The weld fatigue evaluation procedure for using the BSSM, including the master S-N curve approach, 
has been well established for normal loading dominant fatigue failures. Relatively fewer investigations of weld 
fatigue have been focused on multi-axial fatigue loading. 
Recently, the authors have developed multi-axial weld fatigue analysis procedures using an effective equivalent 
structural stress range (UEESS) [11-12].  The EESS fatigue parameter is defined as a combination of the equivalent 
normal structural stress range (USs) and the equivalent in-plane shear structural stress range (UTs) in a von Mises 
form. Each equivalent SS range is defined in terms of the SS, the thickness correction, and the loading mode 
correction. The von Mises form of UEESS is expressed as  
οܧܧܵܵ ൌ ଵ஽ುವಾೃ ටοܵ௦
ଶ ൅ ͵ο ௦ܶଶ     (1) 
where DPDMR is a fatigue damage parameter based on the PDMR (Path Dependent Maximum Range) cycle counting 
procedure for multi-axial loading [13]. The detailed derivation, validation, and UEESS-based design S-N curve 
construction can be found in [11, 12].  
Authors have applied these proposed procedures to two different situations. In the first situation, the cases of 
flange-to-tube joint under torsional-dominant loading (Fig. 1a) were investigated. The design master S-N curve for 
in-plane shear stress dominant failure was constructed and the inverse slope of the design S-N curve for in-plane 
shear stress dominant failure (Mode III) for multi-axial fatigue was 5. This procedure is applicable to in-phase, out-
of-phase, non-proportional, variable amplitude loadings, as well as torsional loading associated with DPDMR (see 
details in [11]). In the second situation, the cases of multi-axial stress state under uniaxial loading consisting of a 
tensile-loaded plate with either a fillet welded pipe or angled attachment as shown in Fig. 1b were examined.  In this 
situation, it was found that the in-plane shear equivalent structural stress range plays an important role in the 
development of fatigue cracks. Also, the master S-N curve that was developed for Mode I failures can be equally 
applicable for fatigue life prediction for these joints by replacing equivalent structural stress range (UEq. SS or U 
SS) with effective equivalent structural stress range (UEESS) on the ordinate axis and the S-N data from the subject 
joint types are comparable with the master S-N curve for Mode I loading dominant behavior with an inverse slope of 
3.125 (see details in [12]). 
 
In this article, we evaluate the weld fatigue behavior of welded plate joints under bi-axial loading using an 
 
Fig. 1. (a) Flange-to-tube joint under torsional-dominant loading; (b) Joints showing significant in-plane shear stress at the failure location of 
the weld toe under uniaxial loading. 
(a) (b)
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UEESS parameter in a third situation. We evaluate the fatigue failure locations and failure life based on the load 
magnitude ratios and the phase differences due to different bi-axial loading conditions. We also discuss the weld 
fatigue characteristics of the subjected joints and propose guidelines for predicting the failure location and fatigue 
life using the master S-N curve approach. 
2. Mesh-insensitive Battelle structural stress method 
The BSSM [1-3] is based on an equilibrium-equivalent decomposition of an arbitrary through-thickness stress 
state at the location of interest. Using a representative weld toe as an example (Fig. 2a), the stress state is 
decomposed into an equilibrium-equivalent SS part (Fig. 2b) and a self-equilibrating notch stress part (Fig. 2c). The 
SS part is characterized as 
     ߪ௦ ൌ ߪ௠ ൅ߪ௕     (2) 
which represents a simple stress state in the form of membrane and bending components that satisfies the 
equilibrium conditions with external loading. To achieve mesh-insensitivity for welded joints within the context of 
displacement based finite element (FE) methods, the equilibrium agreements can be effectively implemented for any 
arbitrary weld geometry in shell and 3D solid FE models by using balanced nodal forces and moments. 
The detailed formulation and calculation procedures, as well as calculation examples, including mesh insensitivities, 
are given in previous publications [1-3]. 
The BSSM prescribes the through-thickness stress state normal to a hypothetical crack plane in an equilibrium 
sense in the form of membrane and bending components indicated in Eq. (2). For the fatigue assessment of welds, 
the corresponding stress range is defined as 
 
     οߪ௦ ൌ οߪ௠ ൅οߪ௕    (3) 
 
Fig. 3 indicates the Battelle SS component definitions, including normal SS (Vs), transverse SS (Wz), and in-
plane shear SS (Ws) at the hypothetical crack surface for a sheet failure case. The individual SS components can be 
defined as a combination of line forces and line moments using simple beam bending theory as shown in Eqs. (4-6). 
It is noted that the line forces and line moments are with respect to a local coordinate system along the hypothetical 
crack surface. The x’, y’, and z’ directions are normal to the hypothetical crack surface, parallel to weld traveling 
direction, i.e., along the weld path, and through thickness direction on the hypothetical crack surface, respectively. 
ߪ௦ ൌ ߪ௠ ൅ߪ௕ ൌ  ୤౯ᇲ௧ െ
଺୫౮ᇲ
୲మ     (Mode I)   (4) 
߬௦ ൌ  ߬௠ ൅߬௕ ൌ  ୤౮′௧ ൅
଺୫౯′
୲మ      (Mode III)   (5) 
ɒ୸ ൌ  ୤౰′௧           (Mode II)   (6) 
where fx’, fy’, fz’ and mx’, my’ are line forces and line moments in the direction of local coordinates, respectively. 
Usually, Wz is ignored because it tends to be smaller than the other SS components. 
 
Fig. 2. Through-thickness structural stress definition: (a) Local stresses from FE model; (b) Structural stress or far-field stress; (c) Self-
equilibrating stress. 
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Based on the two stage crack growth model [14], an equivalent SS parameter, derived using fracture mechanics  
principles, has been shown to consolidate all plate joint fatigue data relevant to steel structures onto a narrow band 
referred to as the master S-N curve. The equivalent structural stress range, 'Ss when Mode I loading is dominant is 
defined as 
οܵ௦ ൌ  οఙೞ
௧כ
మష೘
మ೘ ήூሺ௥ሻ
భ
೘
    (7) 
where t* = t/tref with tref = 1mm, m = 3.6, and I(r)1/m is a dimensionless polynomial function of the bending ratio r, 
ݎ ൌ ȁοఙ್ȁȁοఙ೘ȁାȁοఙ್ȁ (defined for load-controlled conditions in [3]). 
Using a procedure similar to the derivation of Eq. (7), the equivalent in-plane shear structural stress range, 'Ts 
for Mode III loading dominant case has been formulated and defined as 
  ο ௦ܶ ൌ  οWೞ
௧כ
మష೘ഓమ೘ഓ ήூഓሺ௥ഓሻ
భ
೘ഓ
    (8) 
where mW = 5 , and , ܫఛሺݎఛሻଵȀ௠ഓ is a dimensionless polynomial function of the bending ratio rW,ݎఛ ൌ ȁοఛ್ȁȁοఛ೘ȁାȁοఛ್ȁ  
(details are presented in [11]). 
The von Mises form of UEESS is expressed as Eq. (1). As mentioned in [11], the DPDMR parameter is applicable 
to general multi-axial loadings including in-phase, out-of-phase, and non-proportional loadings, as well as torsional 
loading. When a bi-axial loading is applied to the welded plate joint, as is the case for the example details 
considered in this article, DPDMR becomes similar to the cases of multi-axial stress state under uniaxial loading. As 
such, the UEESS parameter for the multi-axial stress states investigated herein is defined as 
οܧܧܵܵ ൌ ටοܵ௦ଶ ൅ ͵ο ௦ܶଶ    (9) 
When the bi-axial loading effects were considered for the plated joints investigated in this article, the failure 
locations and the fatigue life due to bi-axial loading effects, including load magnitude ratio and phase difference, 
can be captured by the BSSM. The failure locations correspond with the maximum normal structural stress 
locations, because these failure locations have very small in-plane shear structural stresses that can be ignored. 
Therefore, Eq. (9) can be simply expressed as USS, as shown below 
          οܧܧܵܵ ൌ οܵ௦     (10) 
The master S-N curve [1] is developed to predict Mode I fatigue failure locations and life for welded joints under 
simple normal loading cases. From the previous investigation of multi-axial stress states under simple tensile 
loading [12], the Mode I master S-N curve became a valid design curve when the equivalent structural stress range 
('SS) on the ordinate axis was replaced with effective equivalent structural stress range ('EESS). The fatigue testing 
data for bi-axial loading cases are well collapsed into the master S-N curve for Mode I failure. Therefore, the fatigue 
behavior under bi-axial loading cases investigated this article can be assumed to be similar to Mode I fatigue failure 
behavior. Detailed information of the master S-N curve for Mode I failure can be found in [3]. 
 
Fig. 3. Definitions of structural stress components for weld toe failure. 
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3. Application of Existing Weld Fatigue Data under Bi-axial Loading  
3.1. Box-Welded Joint under Bi-Axial Cyclic Loads 
The fatigue behaviors of a box-welded plate joint under orthogonally bi-axial loading have been experimentally 
examined by Takahashi et al. [15, 16] as shown in Fig. 4. The investigation has focused on in-phase (phase angle 
difference, G = 0q) and out-of-phase (G = 180q, or S radian) bi-axial loads. The test specimens were steel plates with 
12 mm thickness (283 MPa of yield stress). The weld was wrapped around the stiffener with 6mm of weld leg 
length. The detailed bi-axial fatigue test can be found in [16].  
 
In order to calculate Battelle structural stresses, ABAQUS [17] was used for linear elastic analysis by 
generating an FE model with quadratic isoperimetric solid elements. Due to loading and geometric symmetry, a 1/8 
model was generated and linear elastic analyses were conducted for the bi-axial loading cases. The structural 
stresses were calculated along the weld toe line (from A to B) on base plate (red arrow in Fig. 5) associated with the 
element domain shaded in yellow.  
Fig. 6 shows the structural stress distributions along the weld toe line from A to B when x- directional loading 
(Fig. 6a) or y- directional loading (Fig. 6b) is applied. Three normalized equivalent structural stress distributions are 
plotted for each case; equivalent normal structural stress (Ss), equivalent in-plane structural stress (Ts), and effective 
equivalent normal structural stress (EESS). When the x-directional loading is applied, the maximum structural stress 
can be calculated at B (Fig. 6a) while the structural stress distribution at A and its vicinities become a maximum 
when the y-directional loading is dominated (Fig. 6b). It is found that the Ts values become very small at both 
locations A and B regardless of loading direction. Both A and B are expected to fail under different directional 
loading conditions. From these tests [16], locations A and B were observed as failures by the different dominant 
directional loadings.   
 
Fig. 4. Specimen design of bi-axial fatigue test specimens and loading directions [14]. 
 
Fig. 5. FE models for a box-welded joint under bi-axial loading 
SS calculation
Sym.
Sym.
Sym.
A
B
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Bi-axial load range ratio was defined as 'Px/'Py, where Px and 'Py are applied load ranges in the x- and y- 
directions. Fig. 7a shows the test cases when the bi-axial tensile tests with G = 180q were performed. In these cases, 
the examined bi-axial load range ratio, 'Px/'Py, was 0.0 ~ 1.02 ('Px = 0 ~ 317.1 kN and 'Py =186.2 ~ 313.2 kN). 
When the compressive cyclic loading in the y-direction was synchronized with the tensile cyclic loading (illustrated 
in Fig. 7b), the tested 'Px/'Py was 0.86 ~ 1.53 ('Px = 174.5 ~ 311.5 kN and 'Py = 202.5 ~ 203.9 kN).     
When the out-of-phase loading (G = 180q) is applied, Vx of the weld toe, due to Py, decreases the minimum stress  
and subsequently the effective stress range in the x-direction increases as shown in Fig. 8a. In this case, the effective 
load ratio becomes smaller than zero. When the in-phase loading (G = 0q) is applied, the compressive Py increases Vx 
of the weld toe and therefore effective stress range in the x-direction is combined with both tensile stresses due to Px 
and Py (Fig. 7b). In this case, the effective load ratio becomes zero. These load magnitude and phase difference due 
to bi-axial loading can be captured by the BSSM procedure. 
 
The in-plane shear structural stress component is negligible from the analysis, so 'EESS is the same as USs. 
The fatigue data from [16] represented in terms of USs in Fig. 9 are collapsed with the Mode I master S-N curve. 
The fatigue data indicated as ¡ were from the uniaxial fatigue test using the specimen shape illustrated in Fig. 8 [16]. 
All failure was observed at the weld toe. The fatigue data indicated as bi-axial test including in-phase (S) and out-
of-phase (z), as well as uniaxial test, consolidate well with the Mode I master S-N curve. Most data show failure at 
B except for two data points indicating failures at A. Results of these failures were due to low 'Px/'Py ratios. When 'Py becomes larger than 'Px, the failure location moves from B to A. It is clearly shown that the overall inverse slope 
of fatigue data for bi-axial loading is very similar to that of the master S-N curve for Mode I failure except for these 
two data points. This shows that BSSM is a proper tool for capturing the bi-axial loading effects, including the ratio 
of load magnitudes and phase difference. 
 
Fig. 7 Schematics of the bi-axial loading patterns: (a) Phase angle =180q; (b) Phase angle =0q 
(a) (b)
  
Fig. 6 Effective equivalent structural stress calculation along weld line (red arrow): (a) When X- directional loading is applied; (b) When 
Y- directional loading is applied; 
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3.2. Main Girder Web Connected with Lateral Girder Flange under Bi-Axial Cyclic Loads 
The weld connection between the main girder web and lateral girder flange in steel bridges is susceptible to 
critical damage. The configuration and dimension of the specimens for examining this type of weld connection are 
shown in Fig. 10 [18, 19]. Specimens are fabricated with 9 mm thick steel plates (490 MPa of yield stress). Bi-axial 
pulsating tensile test in the same phase was conducted to the main girder web and the lateral girder flange. Fatigue 
tests were performed under 4 conditions of 'SF = 0, 50, 100, and 150 MPa with fixed 'SW = 100 MPa. The fatigue 
failure was observed at the weld toe on the web in each specimen regardless of bi-axial stress ratio [19].  
  
Fig. 8. Schematics of stress effective range increases for the cases of (a) Phase angle =180q and (b) Phase angle =0 q 
Time
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Compressive stress due to Py
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Fig. 9. Fatigue evaluation of the box-welded joint under bi-axial loading conditions using the master S-N curve 
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Fig. 10. Specimen configurations of a main girder web connected with lateral girder flange under bi-axial loading conditions 
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Fig. 11 shows the FE model employed for this investigation. The red arrow indicates the weld line to calculate 
structural stress along the weld toe. The locations marked as c and d are the weld toe locations on the girder web 
plate, which show peak structural stresses.  
Fig. 12 shows the Eq. SS distributions along the weld line for selected bi-axial load conditions; B0 ('SW = 100 
MPa, 'SF = 0 MPa) and B1.5 ('SW = 100MPa, 'SF = 150MPa). When B0 condition is applied, c and d structural 
stresses show peak structural stresses (Fig. 12a). The difference of the peak structural stresses at c and d is small. 
So, the fatigue failure can be detected at either c or d. However, when the B1.5 condition is applied, the location 
of d shows a much higher structural stress than that at c (Fig. 12b). So the failure could be mainly initiated at d. 
The failure location prediction from the structural stress distributions for given conditions is identical to the 
experimental observation of failure locations [18]. From the normalized equivalent structural stress distribution 
plotted in Fig.13, the equivalent in-plane shear structural stress component marked as Ts becomes almost zero at  c 
and d which show peak structural stresses. So, the EESS becomes the same as the Ss due to the lack of an in-plane 
shear structural stress component.  
Fig. 13 shows the comparison of fatigue data reported [18] in terms of USs with the master S-N curve for Mode 
I failure. The fatigue data under bi-axial loadings shows good consolidation with the master S-N curve. Due to 
negligible 'Ts in this investigation under bi-axial loading, 'EESS calculation is the same as 'Ss.  
4. Concluding Remarks 
As a part of the series of multi-axial fatigue evaluation procedure development, this article proposes a weld 
fatigue procedure for plate welded joints under various bi-axial loading conditions. The following can be concluded:  
• Battelle structural stress method (BSSM) is appropriate to capture the bi-axial effect including loading 
magnitude ratio and the phase difference at the location of failure. In-plane shear component of structural stress 
becomes negligible at the location of failure. Therefore, an effective equivalent structural stress range ('EESS) 
fatigue parameter at the location of failure can be simply expressed as an equivalent structural stress range ('SS). 
• The master S-N curve that was developed for Mode I failures (inverse slope of 3.125) is equally applicable 
for predicting the fatigue life and crack originating location for the subject joint types under bi-axial loading. 
  
Fig. 11. FE model and structural stress calculation along the weld toe line 
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Fig. 12. Effective equivalent structural stress calculation along the weld lines and the failure location prediction 
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• The Mode I master S-N curve is suitable for weld fatigue design for bi-axial loading and multi-axial stress 
states when the equivalent structural stress range ('SS) is replaced with effective equivalent structural stress range 
('EESS) on the ordinate axis. 
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